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Abstrat
We derive a general expression for the Casimir energy orrespond-
ing to two at parallel mirrors in d+ 1 dimensions, desribed by non-
loal interation potentials. For a real salar eld, the interation with
the mirrors is implemented by a term whih is a quadrati form in the
eld, with a nonloal kernel. The resulting expression for the energy is
a funtion of the parameters that dene the nonloal kernel. We show
that the general expression has the orret limit in the zero width ase,
and also present the exat solution for a partiular ase.
The inreasing interest in the Casimir eet [1℄ is a natural onsequene of the
availability of new preision experiments, whih pose an important pressure
to ontinuously rene and improve the existing alulations. This evolution
manifests itself at dierent levels; one of them amounts to oping with sit-
uations where the geometry of the mirrors is more omplex, albeit with an
idealized desription of their material properties, i.e., they are regarded as
mathematial surfaes oupied by perfet ondutors. Another level, whih
has reently reeived muh attention, is the use of a more aurate desrip-
tion of the mirrors, inluding orretions that represent their departure from
exatly onduting surfaes: rugosity, nite temperature and ondutivity,
as well as nite width. The latter is usually dealt with by the introdution of
a `spae dependent mass term' whereby the salar eld beomes very massive
at the loii of the mirrors [2℄. For the ase of a real salar eld ϕ in d + 1
spaetime dimensions, and a single at mirror entered at xd = 0, the loal
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Eulidean ation, Slocal, for this kind of term is:
Slocal(ϕ) =
1
2
∫
ddx‖
∫
dxd Vǫ(xd)[ϕ(x‖, xd)]
2 , (1)
where x‖ denotes the time (x0) as well as the d−1 spatial oordinates parallel
to the mirror (whih we shall denote by x‖). The loal potential Vǫ(xd)
is a positive funtion onentrated around 0, with a width of size ǫ. The
perfet mirror ase is approahed when that size tends to zero and its strength
beomes innite; namely, Vǫ(xd) → g δ(xd). g → ∞. This limit is a deliate
step, sine it usually introdues divergenes [3℄ that may be diult to deal
with in a setup that used idealized boundary onditions only.
Loal interation terms have been extended to inlude a non trivial depen-
dene on the parallel oordinates [4, 5℄. Translation invariane along them,
neessarily implies a spatial nonloality:
S ′local(ϕ) =
1
2
∫
ddx‖
∫
ddx′‖
∫
dxd ϕ(x‖, xd)Vǫ(x‖ − x′‖; xd)ϕ(x′‖, xd) , (2)
but a Fourier transformation in x‖, x′‖ yields a loal expression in the mixed
momentum (k‖) and oordinate (xd) representation:
S ′local(ϕ) =
1
2
∫
ddk‖
(2π)d
∫
dxd ϕ˜
∗(k‖, xd) V˜ǫ(k‖; xd) ϕ˜(k‖, xd) , (3)
where the tildes denote the Fourier transformed of the orresponding objet.
Note that the resulting interation term, S ′local(ϕ), is still assumed to be
loal in xd, and V˜ǫ(k‖; xd) is onentrated around xd = 0, on a region of
size ∼ ǫ. However, exept for the ase of a zero-width mirror, a potential
whih is loal in xd an only be an approximate desription of the interation
with a real material. Indeed, as explained in [6℄, one should in general use
interations that also inlude `spatial dispersion' in xd, i.e., nonloality in
the normal oordinates. As also shown in [6℄, in spite of the nonloality
of the interation, one may nevertheless use a Lifshitz formula [9℄ for the
Casimir energy, sine that formula depends on the reetion oeients at
the media surfaes, and they may be dened also for nonloal media, under
quite general assumptions. Interesting results have also been obtained using
the boundary state formalism [7℄.
We note in pass that the relevane of nonloal media to Casimir-like
eets has also been appreiated in other ontexts, like String Theory [8℄.
In spite of the validity and usefulness of Lifshitz formula for nonloal
media, we believe that it would be important to have an alternative expres-
sion for the Casimir energy, where its dependene on the details dening the
nonloal media were more expliit.
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One might also be interested in situations where the material is not ex-
atly onned to the region between two surfaes, but rather is onentrated
on a region, with a non zero (albeit rapidly vanishing) density outside of that
region. This is a situation where the use of reetion oeients, albeit still
possible, beomes nevertheless problemati.
To onfront those problems, we rst dene the setup: for a mirror entered
at an arbitrary position xd = b, we shall use an interation term S
(b)
I given
by:
S
(b)
I (ϕ) =
1
2
∫
ddk‖
(2π)d
∫
dxd
∫
dx′d
× ϕ˜∗(k‖, xd) V˜ǫ(k‖; xd − b, x′d − b) ϕ˜(k‖, x′d) . (4)
The kernel V˜ǫ(k‖; xd, x′d) is not invariant under translations in the normal
diretion (xd → xd + h, x′d → x′d + h); besides, we still assume it to be
onentrated around xd = 0 and x
′
d = 0. This onentration may be used
to write a onvenient expansion for the kernel, based on the introdution
of
[
ψ
(ǫ)
n (xd)
]
n
, an orthonormal basis of funtions of the normal oordinate,
obeying the boundary onditions that follow from the mirosopi model
1
.
Then, without any loss of generality, the nonloal kernel will be expanded
as follows:
V˜ǫ(k‖; xd, x
′
d) =
∑
m,n
Cmn(k‖, ǫ)ψ
(ǫ)
m (xd) ψ
(ǫ)∗
n (x
′
d) , (5)
where Cmn(k‖, ǫ) = C∗nm(k‖, ǫ), from the reality of the ation.
Being a nonloal term, one has to rephrase the properties it should have
to behave as a (generalized) mass term, in the sense that it favours the
vanishing of the eld around the region where it is dierent from zero. It
is lear then that the quadrati form (5) has to be denite positive (in the
spae generated by the basis); this amounts to a non-trivial relation for the
Cmn matrix.
Let us illustrate the previous onstrution with two examples. Firstly,
we onsider a model where S
(b)
I emerges from the linear oupling of ϕ to a
mirosopi real salar eld ξ(x), whih is onned to the region |xd−b| ≤ ǫ/2
(x‖: arbitrary), satisfying Dirihlet boundary onditions at xd = b±ǫ/2. It is
suient to deal with b = 0, sine the general ase is obtained by a translation
of the kernel. Following a generalization of the approah of [10℄, we see that,
1
For example, they ould satisfy Dirihlet boundary onditions at xd = ±ǫ/2. But they
are not neessarily of ompat support; they ould for example be exponentially deaying
funtions with a typial dispersion ∼ ǫ
3
in the funtional formalism, S
(0)
I may be written as follows:
e−S
(0)
I (ϕ) =
∫ Dξ e−Sm(ξ)+ ig R ddx‖ R +ǫ/2−ǫ/2 dxd ξ(x‖,xd)ϕ(x‖,xd)∫ Dξ e−Sm(ξ) , (6)
where g is a oupling onstant and Sm is the ation for the mirosopi eld.
The matter eld ξ may have a self-interation, ontrolled by an independent
oupling onstant (impliit in Sm).
To proeed, we denote by W (J) the generating funtional of onneted
orrelation funtions of ξ, related to Z(J), the one for the full orrelation
funtions:
Z(J) =
∫
Dξ e−Sm(ξ) +
R
ddx‖
R +ǫ/2
−ǫ/2
dxd J(x‖,xd)ξ(x‖,xd) , (7)
by W = lnZ. The urrent J is onned to the same region as ξ, but it has
free boundary onditions. We then have that SI(ϕ) = −W [i g ϕ(x)]. On the
other hand, sine only the quadrati part in ϕ will be retained 2,
S
(0)
I (ϕ) = −W
[
i g ϕ(x)
]
≃ 1
2
g2
∫
dd+1x
∫
dd+1x′ ϕ(x)W (2)(x, x′)ϕ(x′) , (8)
where W (2) is the onneted 2-point funtion.
Now, assuming that Sm is translation invariant along x‖, we immediately
identify the nonloal kernel:
V˜ǫ(k‖; xd, x
′
d) = g
2 W˜ (2)(k‖; xd, x
′
d) . (9)
Besides, sine ξ satises Dirihlet boundary onditions, we have:
W˜ (2)(k‖;±ǫ/2, x′d) = W˜ (2)(k‖; xd,±ǫ/2) = 0 . (10)
Then we have the expansion:
V˜ (0)ǫ (k‖; xd, x
′
d) =
∑
m,n
ψ(ǫ)m (xd)Cmn(k‖, ǫ)ψ
(ǫ)∗
m (xd) (11)
where the orthonormal funtions are given by:
ψ(ǫ)n (xd) =
√
2
ǫ
×
{
sin(nπxd
ǫ
) if n = 2k, (k = 1, 2, . . .)
cos(nπxd
ǫ
) if n = 2k + 1, (k = 0, 1, . . .) .
(12)
2
The media are assumed to be linear.
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The preise form of Cmn(k‖, ǫ) depends on the ation Sm. If it is a free
ation we have the diagonal expression:
Cmn(k‖, ǫ) =
g2δmn
(nπ
ǫ
)2 + k2‖ + µ
2
, (13)
where µ is the mass of the mirosopi eld.
As an alternative example, we onsider the ase of a harged eld ξ, ξ¯,
oupled quadratially to the real eld ϕ. In this ase, the analogue expression
to (6) would be:
e−S
(0)
I (ϕ) =
∫ DξDξ¯ e−Sm(ξ¯,ξ)+ g R ddx‖ R +ǫ/2−ǫ/2 dxd ξ¯(x‖,xd)ϕ(x‖,xd)ξ(x‖,xd)∫ DξDξ¯ e−Sm(ξ¯,ξ) , (14)
where, to simplify the treatment, we assume Sm to be quadrati:
Sm(ξ¯, ξ) =
∫
ddx‖
∫ +ǫ/2
−ǫ/2
dxd
[
∂ξ¯∂ξ + µ2ξ¯ξ
]
. (15)
The integral an be formally performed, but the result is a funtional deter-
minant. Sine we use a quadrati approximation for S
(0)
I , we only need it up
to that order in ϕ. The orresponding ontribution is just a 1-loop diagram
with two legs. Translation invariane along the parallel oordinates suggest
the use of a mixed Fourier representation:
V˜ǫ(k‖; xd, x
′
d) = g
2
∫
ddp‖
(2π)d
G˜(p‖; xd, x
′
d)G˜(p‖ + k‖; x
′
d, xd) (16)
where G˜(p‖; xd, x′d) is the mirosopi eld propagator in the mixed represen-
tation. Rather than evaluating the atual form of the nonloal term for this
model, we just want to show that the boundary onditions for the nonloal
kernel are determined from the ones we impose on the mirosopi eld: as-
suming, for example, that this eld satises Dirihlet boundary onditions
at the boundaries of the mirror, from (16) we derive for V˜ǫ the same kind of
ondition. Namely, the kernel vanishes when xd = ±ǫ/2 or x′d = ±ǫ/2. Thus,
also in this ase the model produes a nonloal kernel with the struture of
(11) (the same basis), with dierent oeients Cmn.
Before evaluating the energy, let us briey examine the boundary ondi-
tions that follow from the nonloal term, in a onrete ase. To that end, we
onsider the real-time version of the equations of motion for a free massless
salar eld oupled to a nonloal potential entered at xd = 0. Assuming,
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for the sake of simpliity, d = 1, and Cmn = Cmn(ǫ) (independent of ω), the
equation of motion beomes:
✷ϕ(x0, x1) = −
∫
dx′1 Vǫ(x1, x
′
1)ϕ(x0, x
′
1) . (17)
Fourier transforming in time,
(−∂21 − ω2)ϕ˜(ω, x′1) = −
∫
dx′1 Vǫ(x1, x
′
1) ϕ˜(ω, x
′
1) . (18)
Then we multiply both sides of the equation above by ψ
(ǫ)∗
m (x1) and integrate
over x1, to obtain:
〈ψ(ǫ)m |(−∂21 − ω2)|ϕ˜(ω)〉 = −
∑
n
Cmn(ǫ) 〈ψ(ǫ)n |ϕ˜(ω)〉 , (19)
where Dira's braket notation denotes the salar produt of funtions of xd.
Let us assume, for the sake of simpliity, that the proper basis is (12). Then
〈ψ(ǫ)m |(−∂21)|ϕ˜〉 = (mπǫ )2 〈ψ(ǫ)m |ϕ˜〉 and, as a onsequene:∑
n
Cmn(ǫ)αn =
[
ω2 − (mπ
ǫ
)2
]
αm, (20)
where αn ≡ 〈ψ(ǫ)n |ϕ˜(k‖)〉. Thus,∑
n
Cmn(ǫ)α
∗
m αn =
∑
m
[
ω2 − (mπ
ǫ
)2
] |αm|2 . (21)
This means that, to have a solution, the αn oeients diagonalize C, and,
sine the quadrati form on the left hand side is positive, we αm vanishes
whenever ω2 < (mπ
ǫ
)2.
This means, in partiular, that for ω2 < (π
ǫ
)2, all the oeients vanish:
the eld vanishes when |x1| < ǫ2 . Of ourse, things are dierent if, for exam-
ple: (π
ǫ
)2 < ω2 < (2π
ǫ
)2, then only the rst oeient may be dierent from
0.
An interesting ase is that of a Cmn whih is a nite matrix: one that
vanishes for m > N of , say. An extreme ase is N = 1: there are then only
two regimes, depending on whether ω2 is bigger or smaller than (π
a
)2. In the
former ase, ϕ in orthogonal to ψ
(ǫ)
1 . This implies that has at least one node
in the [− ǫ
2
, ǫ
2
] interval. This is the manifestation of a Dirihlet-like boundary
ondition in this ontext, whih of ourse will only hold true up to ertain
values of ω2. For bigger values, the previous ondition is relaxed and the
mirror is transparent.
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Let us now evaluate the Casimir energy, disarding terms that are inde-
pendent of the distane between mirrors (and do not ontribute to the fore).
For two mirrors, one at xd = 0 and the other at xd = a, the total ation S is
S(ϕ) = S0(ϕ)+SI(ϕ) where S0 ≡ 12
∫
dd+1x ∂µϕ∂µϕ, and SI(ϕ) = S
(0)
I +S
(a)
I .
Sine S is a quadrati in the elds, it is immediate to nd an expression
for the vauum energy E0, in terms of the determinant of the orresponding
kernel dening the quadrati form. Sine we have translation invariane along
x‖, we use the energy per unit area, E0, and take advantage of the Fourier
transformation to obtain:
E0 = 1
2
∫
ddk‖
(2π)d
Tr ln K˜ , (22)
where K˜ is an operator ating on funtions of xd, whose matrix elements are:
K˜(xd, x′d) = K˜0(xd, x′d) + V˜ (0)ǫ (k‖; xd, x′d)
+ V˜ (a)ǫ (k‖; xd, x
′
d) . (23)
where K0(xd, x′d) ≡ (−∂2d + k2‖)δ(xd − x′d). The trae operation, denoted by
`Tr' refers to the trae in the spae of funtions depending on xd.
The expression above ontains three ontributions whih, to alulate the
Casimir fore between the two mirrors, are irrelevant. One of them, Evac0 ,
orresponds to the vauum energy density in the absene of mirrors
Evac0 =
1
2
∫
ddk‖
(2π)d
Tr ln K˜0 . (24)
The other two, denoted by E (0)0 and E (a)0 , are the mirrors' self-energies (and
therefore we shall disard them). They have the form:
E (b)0 =
1
2
∫
ddk‖
(2π)d
Tr ln
(
I +W (b)
)
. (25)
where b = 0, a, and W (b) denotes an operator, ating on the same spae as
above, and dened by:
W (b) = K˜−10 V (b) . (26)
V (0), V (a) have non trivial matrix elements in smaller spaes, namely, the
ones generated by the basis funtions sitting at eah mirror. This fat an
be used to show that the trae operation above may be taken, for eah term,
using only the respetive basis at xd = 0 and xd = a (the trae operation
over the omplement vanishes).
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Using matrix elements dened with the funtions ψ
(ǫ)
n and φ
(ǫ)
n , suh that
φ
(ǫ)
n (xd) ≡ ψ(ǫ)n (xd − a):
W (0)mn = 〈ψ(ǫ)m |K˜−10 V (0)|ψ(ǫ)n 〉
W (a)mn = 〈φ(ǫ)m |K˜−10 V (a)|φ(ǫ)n 〉 . (27)
I denotes the identity operator, so that: Imn = δmn. A simple shift of
variables leads to E (0)0 = E (a)0 , as it should be.
After extrating the previous three ontributions, we obtain a subtrated
energy density, E˜0, whih by some straightforward algebra may be put in the
form:
E˜0 = 1
2
∫
ddk‖
(2π)d
Tr ln
(
I −O) , (28)
where O is an operator whose matrix elements may be given in terms of the
ψ
(ǫ)
n basis, as follows:
Omn =
∑
p,q,r
U (0)mpCpqU
(a)
qr Crn , (29)
where
Umn = 〈ψ(ǫ)m |
[K˜0 + V (0)ǫ ]−1|φ(ǫ)n 〉
U (a)mn = 〈φ(ǫ)m |
[K˜0 + V (a)ǫ ]−1|ψ(ǫ)n 〉 = U (0)mn ≡ Umn . (30)
Taking into aount the previous relations,
E˜0 = 1
2
∫
ddk‖
(2π)d
Tr ln
(
I − U C U C) , (31)
whih is a nonloal version, for at, idential mirrors, of the equation derived
in [11℄ (see also [12℄).
Note that Umn an be written more expliitly, by performing an expansion
in powers of V
(0)
ǫ . Dening: ∆mn ≡ 〈ψ(ǫ)m |
[K0]−1|ψ(ǫ)n 〉 and Γmn ≡ 〈ψ(ǫ)m |[K0]−1|φ(ǫ)n 〉,
we see that:
U (0)mn = Γmn −∆mpCpqΓqn
+ ∆mpCpq∆qrCrsΓsn + . . . (32)
(we used Einstein's summation onvention). Then we see that:
U =
(
I +∆C
)−1
Γ . (33)
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Let us hek that the expressions above do yield the proper answer when the
limit orresponding to the ase of perfet mirrors is taken. This is, in the
present formalism, tantamount to:
V˜ (0)ǫ (k‖; xd, x
′
d) = λ δ(xd) δ(x
′
d) , (34)
(sharp boundary onditions) and then λ→∞ (strong boundary onditions).
One immediately gets, from (34), the matrix elements:
Cmn = λ ψ
(ǫ)
m (0) ψ
(ǫ)∗
m (0) . (35)
Inserting this into (29), we obtain:
E˜0 = 1
2
∫
ddk‖
(2π)d
ln
[
1 − ( λ
2k‖ + λ
)2
e−2k‖a
]
, (36)
whih in the strong limit, and for d = 3 yields:
E˜0 = 1
2
∫
d3k‖
(2π)3
ln
(
1 − e−2k‖a
)
= − π
2
1440 a3
, (37)
whih is the proper result.
Finally we onsider a truly nonloal example:
Cmn(k‖, ǫ) = δm0δn0 λ(k‖) , (38)
where λ(k‖) > 0. It orresponds to a 1× 1 matrix C in the spae generated
by the basis funtions. In this ase, we nd that:
Omn =
[
λ(k‖)
]2
U00Um0δn0 . (39)
For this partiular ase, theO matrix has rank 1, so only one of its eigenvalues
is dierent from 0, and the trae of the log may be evaluated exatly. The
Casimir energy beomes:
E˜0 = 1
2
∫
ddk‖
(2π)d
ln
[
1− λ2(k‖)
(
U00
)2]
. (40)
We may produe a more expliit expression for the matrix elements of U :
U
(0)
00 =
[
1 + λ(k‖)∆00
]−1
Γ00 , (41)
9
where:
∆00 =
∫
dkd
2π
∣∣〈ψ(ǫ)0 |kd〉∣∣2
k2d + k
2
‖
(42)
(|kd〉 is the plane wave ket).
The remaining objet, Γ00 is:
Γ00 =
∫
dkd
2π
eikda
∣∣〈ψ(ǫ)0 |kd〉∣∣2
k2d + k
2
‖
. (43)
Equipped with the previous expressions, we may alulate the Casimir energy
for a partiular basis element. An interesting example is the hoie of the
exponentially loalized funtion
ψ
(ǫ)
0 =
e−
x2
2 ǫ2
π1/4 ǫ1/2
, (44)
sine it allows one to evaluate the integrals above exatly. The result for E˜0,
in d spatial dimensions, may be written in terms of an integral involving a
funtion G
E˜0(a, ǫ) = 1
Γ
(
d
2
)
2dπd/2ad
∫ ∞
0
dp pd−1 ln
{
1−
[
G
(
p;
2ǫ
a
, aλ(
p
a
)
)]2}
,
(45)
depending on dimensionless parameters. It is given expliily by:
G(p; x, l) =
e−p erfc(x p− 1
2x
) + ep erfc(x p+ 1
2x
)
p e−x2p2
2
√
π l
+ 2 erfc (xp)
, (46)
where erfc is the omplementary error funtion.
It is immediate to hek that the Casimir energy for the perfet mirror
ase is reprodued when
ǫ
a
→ 0 and λ→∞. On the other hand, when that
limit is taken for a nite λ, the result has the same form as in the loal ase,
but with a (nite) renormalization for λ. Indeed, if λlocal denotes the oupling
onstant in the loal δ-potential ase, the energies agree for λ = λlocal
8
√
π
.
For nite values of
ǫ
a
, we have the interesting phenomenon that the or-
retions are not analytial in that variable. Indeed, one an see that the
orretions to the zero-width ase are proportional to a fator e−(
a
2ǫ
)2
.
To make the omparison with the loal ase more expliit we present, in
Figure 1, the plots of the Casimir energies orresponding to the loal and
nonloal ases, for d = 1. The loal potential is hosen so that it agrees with
the nonloal one when ǫ→ 0 (λlocal = 8
√
πλ):
10
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Figure 1: Casimir energies orresponding to the nonloal (ontinuous line)
and loal (dashed line) ases, as a funtion of b ≡ a
ǫ
for ǫλ ≡ 1
8
√
π
.
A remarkable fat, that an be observed in the plot, is that the Casimir
energy for the nonloal ase beomes nite when the distane between the
mirrors tends to zero. This is a manifestation of the fat that the nonloality
softens the UV behaviour of the system. Yet another onsequene of the
same eet is that the integral over k‖ for the energy of a single mirror, E (b)0
(see Eq. (25)), has a better UV behaviour that its loal ounterpart. In
partiular, for d = 1, a simple alulation shows that it beomes:
E (b)0 =
1
2π
∫ ∞
0
dk ln
[
1 +
4λ
√
π
k
e4 ǫ
2k2 erfc (2ǫ k)
]
, (47)
whih is onvergent for any ǫ > 0 (we reall that its loal ounterpart is
logarithmially divergent [3℄).
We onlude by noting that, as shown in the examples above, nonloal
potentials an be used to impose boundary onditions in nite size mirrors,
and they beomes automatially frequeny dependent. Also, in spite of their
seemingly omplex struture, a general expression for the energy may be
derived, whih ontains some new interesting features: the non-analyti be-
haviour of its small-width expansion and a softer UV behaviour.
In spite of the above, the perfet mirror limit is still properly reprodued.
Besides, when the distane between mirrors is of the order of ǫ, the Casimir
fore vanishes, rather than beoming innite, as it happens in the loal ase.
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